Abstract. We find all the inequivalent simple root systems for the complex reflection groups G 12 , G 24 , G 25 and G 26 . Then we give all the non-congruent essential presentations of these groups by generators and relations. The methed used in the paper is applicable to any finite (complex) reflection groups.
It is well known that any Coxeter group can be presented by generators and relations. A finite complex reflection group G can also be presented in a similar way (see [2] ). But such a presentation is not unique for G in general. Different presentations of G may reveal various different properties of G (see [6] for example). Then it is worth to define a congruence relation among the presentations of G (see 1.9 ) and then to ask
Problem B. How many non-congruent presentations are there for any irreducible finite complex reflection group G ?
In the present paper, we solve these problems just for the finite primitive complex reflection groups G = G 12 , G 24 , G 25 , G 26 (in the notations of [5] ). The other finite primitive complex reflection groups except G 34 will be dealt with subsequently in two papers by my graduate students Li Wang and Peng Zeng (see [8, 9] ). We choose to deal with these four groups as they represent four different cases. Among these groups, G 12 is the only group the number of whose generating reflections is not equal to the dimension of the space it acts. The group G 24 is generated by three reflections of order 2, G 25 is generated by three reflections of order 3, while G 26 is generated by three reflections of different orders: one of order 2 and two of order 3. Our method in dealing with Problem A is based on the knowledge of the action of G on its root system. Then the results so obtained, together with a known presentation of G, will be used in dealing with Problem B. We shall further show that the reduced forms for the presentations of the groups obtained in the paper are all essential (see 7.1 and Theorem 7.3). It is a relatively easy task if one is only content with getting the non-congruent essential presentations for a given finite complex reflection group.
But some of such presentations may have very complicated form and hence is not applicable in practice. So in the present paper we are trying to find the forms of the non-congruent essential presentations as simple as possible. Then it becomes quite subtle in finding such forms and even more subtle in proving that they are indeed non-congruent and essential.
The methods used in the paper are applicable to any other finite (complex) reflection group.
The contents are organized as follows. Section 1 is served as preliminaries, some definitions and results are collected there. Then we give all the inequivalent simple root systems for the group G 12 in Section 2, and give all the non-congruent presentations of G 12 in Section 3. We do the same for the groups G 24 , G 25 , G 26 in Sections 4, 5, 6 , respectively.
Finally we show in Section 7 that the reduced forms for all the presentations of the groups obtained in the paper are essential. §1. Preliminaries.
We collect some definitions and results concerning irreducible finite reflection groups, where 1.1-1.5 follow from Cohen's paper [2] except for the definition of a simple root system which follows from [3] .
1.1. Let V be a complex vector space of dimension n. A reflection on V is a linear transformation on V of finite order with exactly n − 1 eigenvalues equal to 1. A reflection group G on V is a finite group generated by reflections on V . The group G is reducible if it is a direct product of two proper reflection subgroups and irreducible otherwise. The action of G on V is said to be irreducible if V has no nonzero proper G-invariant subspace. In the present paper we shall always assume that G is irreducible and acts irreducibly on V . A reflection group G on V is called a real group or a Coxeter group if there is a G-invariant R-subspace V 0 of V such that the canonical map C ⊗ R V 0 → V is bijective. If this is not the case, G will be called complex. (Note that, according to this definition, a real reflection group is not complex.)
Since G is finite, there exists a unitary inner product ( , ) on V invariant under G. From now on we assume that such an inner product is fixed.
1.2.
A root of a reflection on V is an eigenvector corresponding to the unique nontrivial eigenvalue of the reflection. A root of G is a root of a reflection in G.
Let s be a reflection on V of order d > 1. There is a vector a ∈ V of length 1 and a primitive d-th root ζ of unity such that s = s a,ζ , where s a,ζ is defined by
We also write
. The following results can be shown easily.
for any g ∈ G and any root a of G.
(iii) the group G generated by { s a,f (a) | a ∈ R } is a finite reflection group, and for all a ∈ R and c ∈ C,
The group G is called the reflection group associated with the root system (R, f ). We
We shall denote a root system (R, f ) simply by R when f is clear from the context.
1.5.
A simple root system is a pair (B, w), where B is a finite set of vectors spanning V and w is a map from B to N \ {1}, satisfying the following conditions:
(ii) the group G generated by S = { s a,w(a) | a ∈ B } is finite;
(iii) there is a root system (R, f ) with R = GB and f (a) = w(a) for all a ∈ B;
(iv) the group G cannot be generated by fewer than |B| reflections.
We call the elements of S simple reflections. We also call (R, f ) the root system of G generated by B, and B a simple root system for R (or for G).
Note that we do not require B to be linearly independent. If B is linearly independent, then condition (iv) holds automatically.
The above definition of a simple system is considerably weaker than the usual definition for Coxeter groups; in particular, it is not always true that if B 1 and B 2 are simple root systems for the same root system R then there is an element g ∈ G with gB 1 = B 2 .
By Lemma 1.3 we see that if α ∈ B and β ∈ Cα ∩ R, then B = (B \ {α}) ∪ {β} also forms a simple root system for R.
1.6. Let B (resp. B ) be a subset of V and w : B −→ N \ {1} (resp. w : B −→ N \ {1}) be a function. Let G (resp. G ) be the reflection group generated by {s α,w(α) | α ∈ B} (resp.
and (α, β) = (φ(α), φ(β)) for any α, β ∈ B. Then by the theory of linear algebra, we see that the assignment s α,w(α) → s φ(α),w (φ(α)) determines a group isomorphism from G to G .
1.7.
Let (R, f ) be a root system with G the associated reflection group and B a simple root system for R. Then it is known that as a root system for G, R is determined by G up to scalar factors (see [3, 1.9] ). However, a simple root system B for R is not uniquely determined by G. Two simple root systems (B, w) and (B , w ) for (R, f ) are equivalent, written B ∼ B , if there exists a bijection φ : B −→ B such that for any α, β ∈ B,
(1) w(α) = w (φ(α)) and,
, where the notation s, t stands for the group generated by s, t.
In particular, two simple root systems B, B for R are equivalent if one of the following cases occurs:
(a) gB = B for some g ∈ G;
(b) Condition (2) is replaced by condition (2 ) below in the above definition of B ∼ B :
In general, not all the simple root systems are equivalent for a given reflection group. So it is natural to ask Problem A in Introduction.
It is known that at least one simple root system has been found for any irreducible finite reflection group G (see [7] ). We have the following criterion for a subset of a root system to be a simple root system. (1) S is a finite generator set for G which consists of reflections, and S has minimal cardinality with this property.
(2) P is a finite set of relations on S, and any other relation on S is a consequence of the relations in P.
Two presentations (S, P) and (S , P ) for G are congruent, if there exists a bijection
In this case, we see by taking s = t that the order o(s) of r is equal to the order o(η(r)) of η(r) for any r ∈ S.
If there does not exist such a bijection η, then we say that they are non-congruent. and ( * * ) implies the other in general by checking all the cases where a complex reflection group is irreducible and is generated by exactly two reflections. , where
In particular, when w is the constant function 2, we can replace the group X ij by the number n(
This is because in that case, X ij becomes a dihedral group which is entirely determined by the number n(s α i ,2 , s α j ,2 ).
1.11. For each presentation (S, P) for G, there exists a simple root system (B S , w S ) for G (called an associated simple root system of (S, P)) such that each element of S has the form s
α,w S (α) for some α ∈ B S and some k S (α) ∈ N with k S (α) coprime to w S (α). By the minimality for the cardinality of S, we see that for any α, β ∈ B S , s Proof. It follows directly from the definitions. Remark 1.12.
(1) In the present paper, we shall deal with Problems A and B (see Introduction) for the groups G = G 12 G 24 , G 25 and G 26 . As a basic work in our method, we calculate the group s α , s β (or the value n(s α , s β ) when f (α) = f (β) = 2) for any pair of reflections s α = s β in G with respect to α, β ∈ R, and also calculate all the permutations of R given rise by the action of the reflections s α , α ∈ R (these results are not included explicitly in the paper). These can be done by computer in general.
(2) Howlett classified all the non-congruent simple reflection sets for the groups G 12 and G 24 by a certain detailed analysis on the group-theoretic structure of these groups in a private communication. The method used in the paper is quite different from Howlett's, and could be applied without essential change for the other finite complex reflection groups. §2. Simple root systems for the group G 12 .
2.1. Let 1 , 2 be an orthonormal basis in a hermitian space V of dimension 2. Let e 1 = 1 and
Let s i be the reflection in V with respect to e i for 1 i 12. Then the action of s i on e j , 1 i, j 3, are as follows. The group generated by the set S 1 = {s 1 , s 2 , s 3 } is G 12 according to the notation by Shephard-Todd (see [5] and [7] root system there must exist some pair of roots α, β with n(s α , s β ) > 3 (see 1.9).
2.4.
We can show that any of the following B i ⊂ R 12 satisfies the equation
and hence is a simple root system for G 12 by Proposition 1.8. Recall the notation n(B) in 1.10. We have n(B 1 ) = (6, 6, 6), n(B 2 ) = (6, 3, 3), n(B 3 ) = In this section, we shall find all the non-congruent presentations of the complex reflection group G 12 by generators and relations according to the results in 2.4 (see Propositions 3.2-3.6).
3.1.
Suppose that we are given a complex reflection group G, the associated root system R of G, and all the inequivalent simple root systems B k , 1 k r, for R. The strategy for finding all the non-congruent presentations of G is as follows. We start with the presentation of G given by Shephard-Todd which corresponds to a simple root system, say B 1 , for R.
Let S k be the reflection set associated to the simple root system B k . We make use of the relations among the simple root systems B k , 1 k r, to establish some transition among the S k 's by Lemma 1.3. Then for each 1 < k r, we get a presentation of G with the generator set S k by some related transition. Suppose that we are given a presentation (S h , P) of G with the generator set S h and the transition between the sets S h and S k . Then the simplest method to produce a presentation of G with the generator set S k is just to substitute the reflections of S h by those of S k in the relations of P by the related transition.
But it may happen that sometimes the resulting relations we get in the new presentation of G are quite complicated and hence are not very useful in practice. So we shall not always use such a method.
3.2.
It is well known that the group G 12 is presented by the generator set S = {s, u, t} and the relations (see [1] ):
(2) suts = utsu = tsut.
The reflections s 1 , s 2 and s 3 in V satisfy relations (1), (2) Proof. (b5) follows from (b1), (b3) and (b4). This shows (2) under the assumption of (1). Now we show (1). We must show that relations (a1)- (a3) This shows (3.4.4) and hence (b3) follows.
(ii) Next assume (b2)-(b4). Hence (b5) holds also. To show (a2)-(a3), we must show the following two equations: from (c1)-(c3). So (c4) and (c6) follow from (c5) and (c1). 
This shows (1). Now we show (d4)-(d6) under the presentation (1) Proof. We must show that relations (c1)-(c3) are equivalent to (e1)-(e5) under transition (3.7.1). Clearly, (c1) is equivalent to (e1). It remains to show that relations (c2)-(c3) are equivalent to (e2)-(e5) under the assumption of (3.7.1) and (c1) (hence (e1)). The group generated by s 1 , s 2 , s 3 is G 24 . R 24 is the root system for G 24 with B 1 = {e 1 , e 2 , e 3 } a simple root system (see [7] ). We have n(B 1 ) = (3, 4, 4), n(B 2 ) = (4, 3, 3) and n(B 3 ) = (4, 4, 4) (see 1.10). Proof. Under transition (4.5.1), relation (a1) is equivalent to (c1). Also, (a2) is the same as (c2). Then under relations (4.5.1) and (a1) (hence (c1)), relation (a4) (resp. (a3)) is equivalent to (c3) (resp. (c4)). Then under relations (a1) and (a4) (hence (c1) and (c3)), relation (a5) is equivalent to (c5). This implies (1). Now we show (2). Right-multiplying both sides of (c4) by the inverse of the corresponding sides of (c5) and then applying (c3), we get Let s i be the reflection in V with respect to e i , 1 i 12. Then the group generated by S 1 = {s 1 , s 2 , s 3 } is the complex reflection group G 25 (in the notation of [5] ). The set R 25
(i) First assume (c2)-(c3). Hence (c4)-(c6) hold by Proposition 3.5 (2). (e2) is the same as (c4
forms a root system of G 25 with B 1 a simple root system (see [7] ). The action of S 1 on B 1 is as follows. Then by the action on R 25 of the subgroups H 1i for any 1 < i 12, we see that H 1i is isomorphic to the elementary 3-group Z 2 3 for i = 3, 12, and is isomorphic to the group G 4 (in the notation of [5] ) for all the other i. From this fact, it is easily seen that all the inequivalent simple root systems for R 25 are as follows.
We have n(B 1 ) = (G 4 , G 4 , Z Proof. (a2) is the same as (b2). By transition (5.4.1), relation (a1) (resp. (a3)) is equivalent to (b1) (resp. (b3)). Then under the assumption of relation (a3) (hence (b3)), relation (a4) is equivalent to (b4). So (1) follows by Proposition 5.3. Now we show (2) . Left-multiplying s −1 6 and right-multiplying s 1 on both sides of (b4) and then applying (b2)-(b3), we get (5. 
The proof is left to the readers. Clearly, the presentation in the corollary is congruent to that in the proposition. With (b2) replaced by either (b3) or (b5) in the corollary, we get two more congruent presentations of G 25 . One might notice that relations (b3 ), (b4) are similar to (a2), (a3) We have n(
.10 for n(B) and [5] for G(3, 1, 2)). Proof.
(1) Relations (a2) and (b2) are the same. By transition (6.4.1), relation (a1) (resp., (a3)) is equivalent to (b1) (resp., (b3)). Then under the assumption of relations (6.4.1) and (b3) (hence (a3)), we have
This implies (1). Now we show (2) . Rewrite (b4) as
Squaring both sides and then applying (b2), we get So (b5) follows by (b2), (6.4.3) and (6.4.4) . §7. Essential presentations.
7.1.
According to the definition in 1.9, if (S, P) is a presentation of a reflection group G, and if P is a set of relations on S, including P as a subset, then (S, P ) is also a presentation of G.
A presentation (S, P) of G is essential if (S, P 0 ) is not a presentation of G for any proper subset P 0 of P.
Checking the essentiality for a presentation of a group is usually a sublte task.
In a presentation (S, P) of G, a relation P ∈ P is redundant if P is a consequence of the relations in P \ {P }. Thus a presentation (S, P) of G is essential if and only if P contains no redundant relation. We shall show the theorem in the remaining part of the section. The following is a simple fact in the group theory. The following fact is useful in checking the essentiality for a presentation of a complex reflection group.
Lemma 7.5. Let G be a complex reflection group with (S, P) its presentation.
(1 (3) Let (S, P ) be another presentation of G with P ⊆ P. For any P ∈ P , if P is redundant in P , then P is redundant in P.
Proof.
(1) is true since a complex reflection group is not a Coxeter group. Then (2) follows by the following fact: substituting s i = c for all 1 i 3 and any fixed c ∈ C \ {0}, all the relations in P \ {P | P ∈ (x1)} remain valid. Finally, as a consequence of relations in P \ {P }, P is clearly a consequence of relations in P \ {P }. So we get (3).
Thus it remains to show the essentiality of the reduced form (S, P re ) for any presentation (S, P) we get so far for the group G = G 12 , G 24 , G 25 or G 26 . The following result will be used for this purpose.
Lemma 7.6. Suppose that a reflection group G has two presentations (S, P) and (S , P ), is not redundant, too. So the reduced form for the presentation of G 12 in Proposition 3.7 is essential.
Appendix.
Here we record the results of L. Wang and P. Zeng on the numbers N (G) of inequivalent
